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PHYSICAL MEASURES FOR CERTAIN PARTIALLY 
HYPERBOLIC ATTRACTORS ON 3-MANIFOLDS 

RICARDO T. BORTOLOTTI 


Abstract. In this work, we analyze ergodic properties of certain partially 
hyperbolic attractors whose central direction has a neutral behavior, the main 
feature is a condition of transversality between the projections of unstable 
leaves, projecting through the stable foliation. We prove that partial hyper¬ 
bolic attractors satisfying this condition of transversality, neutrality in the 
central direction and regularity of the stable foliation admit a finite number of 
physical measures, coinciding with the ergodic u-Gibbs States, whose union of 
the basins has full Lebesgue measure. Moreover, we describe the construction 
of robustly nonhyperbolic attractors satisfying these properties. 


1. Introduction 

In this work, we study ergodic properties for some attractors “beyond uniform 
hyperbolicity”. Our interest is in the existence and finiteness of physical measures 
for partially hyperbolic systems. The analysis of this kind of questions started 
with Sinai, Ruelle and Bowen in the case of hyperbolic systems [g [ini EH ES] 
and was later extended for partially hyperbolic systems m 1 n El ISO], Henon- 
like families mills], Lorenz-like attractors ED El El and many other types of 
systems Emu ED- In most of the previous mentioned results, it is shown that the 
dynamical system admits a finite number of physical measures whose basins cover 
a full Lebesgue measure subset. 

In [20) . Palis conjectured that every dynamical system can be approximated by 
another dynamical system having finitely many physical measures and the union of 
their basins has total Lebesgue measure. It is also possible to consider this Conjec¬ 
ture for the open set of partially hyperbolic systems. In the works of Bonatti-Viana 
[8] for “mostly contracting” and Alves-Bonatti-Viana [1] for “mostly expanding” 
central direction, the existence and finiteness of physical measures for partially hy¬ 
perbolic systems with some non-uniform contraction or expansion in the central 
direction is proved. However, the case when the central direction is neutral has not 
been well studied. 

Also related to Palis’ Conjecture, the existence of physical measures generic 
partially hyperbolic systems is not known. Therefore, it would be interesting to 
obtain results of genericity for generic partially hyperbolic systems. 

Another relevant work is |28j . where a generic approach is made in the case of 
surface endomorphism. Actually, in there the author proved that a generic partial 
hyperbolic endomorphism admits finitely many physical measures and the union of 
their basins has full Lebesgue measure. 
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The present work is a first step to extend the analysis of Tsujii [28] for the case 
of diffeomorphisms. More precisely, we consider partially hyperbolic attractors 
with central Lyapunov exponent close to zero and with a geometrical property of 
transversality between the projections of unstable leaves, projecting through the 
stable foliation, which implies the non joint-integrability of i?®® 0 Li"", and prove 
the existence of physical measures for this set of attractors. 

We summarize our results in the following theorem. 

Theorem. Given a diffeomorphism fo : M —>■ M oi class C"’, r > 2, a three- 
dimensional manifold M and a partially hyperbolic attractor Aq for /q. If we 
assume that the attractor is dynamically coherent and the following conditions: 

(HI) Transversality between unstable leaves via the stable foliation; 

(H2) The central direction is neutral; 

(H3’) The stable foliation is Lipschitz. 

Then /o admits finite physical measures and the union of their basins has total 
Lebesgue measure in the basin of attraction of the attractor. 

Moreover, if we assume that the attractor is robustly dynamically coherent and 
that 

(H3) J"!® varies continuously with / in the C^-topology. 

Then, there exists an open set U containing /o such that the same result holds 
for every f GU. 

For precise definitions and statements of our results, see Section 2. 

In the above theorem, the geometrical condition of transversality (HI) allow us to 
prove that u-Gibbs states of diffeomorphisms are sent by local stable projections into 
absolutely continuous measures. This step contains the technical part of our work 
and allow us to prove that the ergodic u-Gibbs states are the physical measures. 

In the last part of this work, we construct examples of partially hyperbolic 
attractors that are robustly nonhyperbolic and satisfy conditions (HI), (H2) and 
(H3). 

We emphasize that our results include situations where the central Lyapunov 
exponent is null and, therefore, we can’t use Pesin’s theory. 

It is natural to expect a weaker version of the property of transversality that is 
generic among partially hyperbolic systems. Before proving such generic property, 
it is necessary to weaken the regularity assumptions for the stable foliation. 

1.1. Strategy of the proof. The heart of the proof is an inequality similar to the 
Doeblin-Fortet inequality (also known as Lasota-Yorke inequality). We will work 
with a norm for finite measures defined in center-unstable manifolds that is similar 
to the norm for the densities of measures when they are absolutely continuous. 
Our aim is to see that every u-Gibbs state has certain regularity after projecting 
locally by the stable foliation, which will imply that the ergodic u-Gibbs states are 
the physical measures. 

The transversality condition plays an important role because the density of the 
u-Gibbs state is good a priori only in the unstable direction, then, if the local stable 
projection of unstable discs give many directions, we will obtain some mass in many 
directions, which will imply that the projected measure into center-unstable leaves 
is absolutely continuous. 

1.2. Structure of the Work. This work is organized as follows. In Section 2, 
we give the basic definitions and precise statements of our results. In Section 3, 
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we define the boxes and norms that shall be used to state the Main Inequality 
and the technical Lemmas. In Section 4, we prove estimates that will be used to 
prove the Main Inequality. In Section 5, we use the Main Inequality to show that 
every ergodic u-Gibbs state has better regularity after projecting via local stable 
projections into center-unstable leaves, we also show the existence and finiteness 
of physical measures and that the union of their basins has full Lebesgue measure. 
Finally, in Section 6, we describe the construction of nonhyperbolic attractors that 
have central direction close to neutral and satisfies the transversality condition. We 
also check that they are robustly transitive and robustly nonhyperbolic. 

Acknowledgements. The author thanks Marcelo Viana for his orientation during 
the elaboration of his thesis, Martin Andersson, Jiagang Yang and Enrique Pujals 
for useful conversations. The author would also like to thank IMPA for the kind 
hospitality during the period he stayed there as a student. 


2. Definitions and Statements 
In this Section, we give some definitions and state our main results. 


2.1. Prerequisites. Let M be a compact Riemannian manifold with a respective 
normalized Lebesgue measure m and let / : M —)■ M be a differentiable function of 
class C'’ with r > 1. 


Definition 2.1. Given an /-invariant measure /x, we define the basin of /x as the 
set i?(/x) of points x such that for every continuous function <j> : M one has: 


lim — 

n—¥(X) Tl 


n—1 


i=0 



(j) d/x 


We say that an /-invariant measure /x is a physical measure if the Lebesgue 
measure of B{^) is positive. 


Definition 2.2. Given an invariant set A for /, we say that A is an attractor 
if there exists an open set U C M such that f{U) C U and A = P| f^{U). The 


n>0 


set B{A) = IJ / ^ (U) is called basin of attraction of A, this is the set of points 

j>0 

whose orbit accumulates on A. 


Definition 2.3. We say that an attractor A is partially hyperbolic for / if 
for every x G A there exist constants A+ < A/ < A/ < A/„ , C > 1 and an 
iA/-invariant splitting T^M = 0 0 E/” such that A+ < 1, A/„ > 1 and: 

||D/"x;|| <G(AinH| 

C-i(A/n|x;||< ||D/"x;|| < G(A/nH| v G - {0} 

iiD/"x;|| y^Er-m 

The subbundle is called stable direction and E““ is called unstable direction. 
The distributions E*® and integrates uniquely into invariant manifolds. 

Theorem 2.1. The stable and unstable subbundles E®® and E““ integrate uniquely 
into laminations J"/® and J"™ for every x G B{A) and y G A. 
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A proof of Theorem 2.1 can be found in [3] and m- The existence of can 
be guaranteed for every a: in a full neighbourhoud of the attractor (see [31 Theorem 
4.2]), but the unstable manifolds are only well defined for points in the attractor. 


Remark 2.1. If A is a partially hyperbolic attractor then 1T““ C A for every 
X G A, hence A = U IT““(x). 


Theorem 2.2. If the map / is of class C’’ and satishes the following bunching 
condition for a dominated splitting Ei © E 2 and k > 1: 

mf\ 


sup 

xGA 


\D.fu 


\E2 ' 




< 1 . 


( 1 ) 


Then, there exists an invariant foliation Ei tangent to Ei of class C’’, where 
I = minjfc ,r — I}. Moreover, the foliation ^^ 1 ( 5 ) tends to in the C*-topology 

when g tends to / in the C-topology. 


For a proof of Theorem 


2.2 


see |3] and m- The C*-continuity of the foliation 
Section Theorem [m Theorem 3.5] in the proof of 


follows from the use of the C'*' 

[21 Theorem 4.12]. 

Invariant sets satisfying (1) for fc = I are usually called normally dissipative (see 
[23]). In this case the condition says that the rate of contraction along Ei is smaller 
than the ratio between the minimum and maximum singular value of the restriction 
Df to i? 2 . If we take k = 1 and r = 2, from Theorem 2.2, we see that is of class 
and the stable foliation of any g C^-close to / is close to the stable foliation 
of / in the C^-topology, which means that A®® ( 5 ) is a C^-subbundle and tends to 
E^^{f) when g tends to /. 


Remark 2.2. When A is a transitive hyperbolic attractor (i.e., = 0), the 

works of Sinai-Ruelle-Bowen guarantee that there exists a unique physical measure 
fi whose basin B{g) has full Lebesgue measure in the basin of attraction of A. 


Throughout the paper, the most important measures will be the so called u-Gibbs 
states, which are measures whose disintegration along unstable leaves corresponds 
to absolutely continuous measures with respect to the induced Lebesgue measure 
in each unstable leaf. 


Definition 2.4. Given x G A , r > 0 and a disk E centered at x with dimension 
dim(A®® © E'^) and transversal to we define the foliated box n(a:, S,r) := 
U where is the unstable neighborhood of z of radius r. 

We call a foliated chart an application ■ n(a;, E,r) —>■ x (En A) that 

is a homeomorphism into the image and restricted to each 7 ““ is a diffeomorphism 
into the horizontal. 


Definition 2.5. Let g be an invariant finite Borel measure g, we say that g is 
absolutely continuous with respect to the Lebesgue measure on unstable leaves or a 
u-Gibbs state if for every x, E and r > 0, the disintegration {/izjzgEnA of the 
measure {^x,'s,r)*k‘ with respect to the partition of J““ x (EnA) into horizontal lines 
is formed by absolutely continuous measures with respect to the induced Lebesgue 
measures ^ for /t-a.e z. 

It is well-known that u-Gibbs states always exist. Actually, if D““ is any compact 
disk contained in some unstable leaf and is the normalized Lebesgue measure 
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induced on by the volume element associated to some Riemannian metric of 
M. We have: 

Proposition 2.1. Let / be a diffeomorphism, A a partially hyperbolic attractor 
and an unstable disk. If we consider the measures ^ /* 

then any accumulation point of /x„ is a u-Gibbs State. 

For more on u-Gibbs States one can check the book [7]. We will refer to these 
measures by “u-Gibbs”. The main properties on u-Gibbs are given in the following 
result: 

Proposition 2.2. Let / : Af —>■ M be a diffeomorphism of class C”, r > 2, and A 
a partially hyperbolic attractor for /, then 

(1) The densities of a u-Gibbs with respect to the induced Lebesgue measure 
along unstable plaques are positive and bounded from zero and infinity. 

(2) The support of every u-Gibbs is VF““-saturated, in particular, it is contained 
in the attractor A. 

(3) The set of u-Gibbs is non-empty, weak-* compact and convex. 

(4) The ergodic components of a u-Gibbs are also u-Gibbs. 

(5) Every physical measure supported in A is a u-Gibbs. 


Proof. See [7], Section 11. 


□ 


Property (5) above says that the u-Gibbs are the appropriate candidates for the 
physical measures. In this work, we prove that under certain conditions the ergodic 
u-Gibbs are in fact the physical measures. 

Proposition 2.3. Let / be a diffeomorphism, A a partially hyperbolic attractor 
and E C B{A) a measurable set with positive Lebesgue measure. If we consider rriE 
the restricted and normalized measure of m to E, then any point of accumulation 
of the measures ^ /* (^e) is a u-Gibbs. 

2.2. The Transversality Condition. Let M be a three-dimensional compact 
manifold and A a partially hyperbolic attractor for / with dimE^® = dimE'^ = 
dimE“" = 1 . 

Definition 2.6. We say that A is dynamically coherent if for every x G A there 
exist uniquely invariant manifolds IF™ and tangent to and 

The invariant manifolds IF™ and IF™ will be called as center-unstable and 
center-stable manifolds, respectively. When the attractor is dynamically coherent 
we have the invariant center manifolds IF° given by = IF,^“nlF^®. When z ^ A 
is in IF™ we will denote IF™(z) by IF™. 

Remark 2.3. It is not known whether dynamical coherence is an open property 
or not. However, if the distribution E^^ is of class then it is open (see Theorems 
7.1 and 7.4 in [IS]). 

Definition 2.7. Given a dynamically coherent attractor A and two unstable curves 
of finite length 71 and 72 , let IF,™ be the center-unstable submanifold of radius Rq 
around the curve 7 ^, i = 1,2. We define the stable distance between these 
curves by: 



m 

7 


00 , if does not exist Eis above 



I Y’' is eith ' ” .. 
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Proposition 2.4. There exists a finite covering {Ui}i^i of A by open sets in M 
and homeomorphisms 'ijji : Ui C M —>■ Ii x C where C M and 
is a ball contained in such that for every z G A D Di exists a{z) G li with 
'tpi{W^'^{z)) C {0(2:)} X Di and ipi\w‘='^{z) is a diffeomorphism into the image. 

Proof. The center-unstable manifolds form a lamination. So for every point x G A, 
considering a transversal section I^, there exist a neighborhood Ux and a homeo- 
morphism if^x ■ Ux ^ Ix ^ D such that 'tpx{W‘^^{z)) C {a{z)} x D for every y G A 
and every z G Ux U bb™, and 'ipx\w‘^'‘(z) is a diffeomorphism into the image. By 
compactness of A, we can consider a finite sub-covering and the diffeomorphisms 
corresponding to this sub-covering. □ 

If the attractor is dynamically coherent then, by compactness, there exists some 
constant Rq such that every center-unstable manifold has an internal radius greater 
than Rq. Fix ATi > 1 such that < ||T*(V'i|w=“(z))ll < Ki for every as above 
and > 0 such that for every x G A the set B‘^'^{x, i?i) is contained in some Ui. 

Definition 2.8. We say that two continuous curves 71 and 72 of finite length 
contained in a subset of are 6*-transversal in neighborhoods of radius r in 
if: 

For every a;i € 71 , 0:2 € 72 such that d(xi,X2) < r, there exist cones Ci and C2 
with vertex at the points Xi and X2 such that 71 ni?(a:i, r) C Ci, 72 ni3(a;2, r) C C2 
and Z{vi,V 2 ) > 0 for every tangent vectors vi, V 2 at the points a;i € 71, X2 € 72 
tangent to the cones Ci, C 2 , respectively. 

When these curves are differentiable we think on the cones above as having 
arbitrarily small width around the tangent direction to the curve. But if the curve 
is not differentiable, then the cone must contain every possible tangent direction to 
the curve. 

Definition 2.9. We say that two continuous curves 71 and 72 of finite length con¬ 
tained in the same center-unstable manifold fF'^“ are d-transversal in neighbor- 
hoods of radius r if r < ^ ^ ^ and for every i G I, every connected components 

7i of 'f’ii'ti n Ui) and 72 of ipi{'j2 n Ui) are 0-transversal in neighborhoods of radius 
r in 

We will define a notion of transversality between two unstable curves them via 
the stable foliation. 

Definition 2.10 (Condition (Hf)). The Transversality Condition (HI) holds 
if there exist constants Cq > 0: A > 0 and functions 6 : (0,eo) —>■ and r : 

(0, eo) —>■ such that the following is valid: 

Given e < eg, unstable curves 71 and 72 with length smaller than L and a center- 
unstable manifold fig™ with d^'*(7i, bk™) < ^, i = 1,2, and ^^*(71,72) > e, let C 
be an open set C with product structure of bF'*® x with d®® diameter smaller 

than eg and containing 71, 72, bFg". Taking the stable projection tt®® : C -G bF™, 
we ask that the curves 7r®®(7i) and 7r®®(72) are 0(e)-transversal in neighborhoods 
of radius r(e). 

Every time we mean the Transversality Condition, it will be implicit that the 
manifold is three-dimensional and each subbundle is one-dimensional. 

The transversality condition stated above is a quantitative way to say that E®® 0 
Ruu jg non-integrable. It holds in several cases, for example, for contact Anosov 
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flows [n m [m, for algebraic automorphisms on Heisenberg nilmanifolds |16j 
and for the attractor that will be constructed in Section 6. As we will see in 
Proposition 5.4, this condition is open for attractors where the stable foliation varies 
continuously in the topology. It is important to say that a similar condition, 
called uniform non-integrability (UNI), plays a fundamental role in the works of 
Chernov-Dolgopyat-Liverani [nmni] for decay of correlation for contact Anosov 
flows. 

2.3. Main Results. In order to give the precise statements of our results, we will 
give two other main conditions, one of neutrality in the central direction and other 
of regularity of the stable foliation. 

Definition 2.11 (Condition (H2)). Let A be a partially hyperbolic attractor and 
, A+ , A“„ constants as in Definition 2.3. The attractor A has central direction 
neutral if Aj < 1 < A+ and 


{Xc)^-Xuu 

This condition of neutrality in the central direction occurs when is close to 

an isometry. Note that if this condition is valid, then the center-unstable direction 
is volume-expanding. 

Definition 2.12 (Condition (H3)). Condition (H3) holds if the stable foliation 
is of class for every / in a neighborhood of /o and the map / —>■ is 

continuous at /o in the C^-topology in the space of foliations defined in a fixed 
small neighbourhood of the attractor. 

This condition guarantees that the stable foliation of the attractor A for / are 
close in the C^-topology to the ones of Aq for /q. It follows from Theorem 2.2 that 
this condition is valid when condition Q is satisfied for k = 1. 

We now give the main results of this paper. 

Theorem A. Given a diffeomorphism / : M — >■ M of class C"', r > 2, a three- 
dimensional manifold M and a partially hyperbolic attractor A of /. If we assume 
that the attractor is dynamically coherent and that 

(HI) Transversality between unstable leaves via the stable foliation; 

(H2) The central direction is neutral; 

(H3’) The stable foliation is Lipschitz. 

Then, / admits a finite number of physical measures supported in A, coinciding 
with the ergodic u-Gibbs and the union of their basins has full measure in B{A). 
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Theorem A will be proved in Section 5, the technical tools for the proof of this 
result will be developed throughout Sections 3 and 4. As a consequence of Theorem 
A we have the Corollary below. 

Corollary B. Given a diffeomorphism /o : M —>■ M of class C”', r > 2, a three- 
dimensional manifold M and a partially hyperbolic attractor Aq of /q. If we assume 
that Aq is robustly dynamically coherent and that 

(HI) Transversality between unstable leaves via the stable foliation; 

(H2) The central direction is neutral; 

(H3) / —J"!® is continuous at /o in the C^-topology. 

Then, there exists an open set lA containing /q such that every f G U admits 
a finite number of physical measures supported in A, coinciding with the ergodic 
u-Gibbs and the union of their basins has full measure in B{A). 

In Section 6, we will describe the construction of an attractor with central di¬ 
rection neutral satisfying the conditions of transversality and of regularity of the 
stable foliation. Using this construction will prove the following. 

Theorem C. There exist fo : —>■ and a partial hyperbolic attractor Aq 

that is robustly nonhyperbolic and is robustly dynamically coherent satisfying the 
conditions (HI), (H2) and (H3). Moreover, this attractor is robustly transitive. 

The proof of Theorem C corresponds to a construction considering initially a 
hyperbolic solenoidal attractor satisfying the Transversality Gondition (HI) and 
deforming the dynamics in the central direction inside a neighborhood of a periodic 
point in a similar way to Marie’s example m- 

3. Toolbox 

For the technical part of Theorem A we will make use of certain sets called boxes 
and certain norm that will be defined in this Section. 

3.1. The Boxes. We will consider subsets of the manifold where the projection 
through the stable foliation into one fixed center-unstable manifold is well defined 
and such that every unstable curve that intersects these subsets must cross them. 

Definition 3.1. Given a diffeomorphism f : M —>■ M and a partially hyperbolic 
attractor A that is dynamically coherent, we say that a quadruple (C, W, W, tt) is 
a box if C is the image of an embedding h : x 1°' x l'’ ^ M, where /“ and 

are intervals, such that: 

1) The function given by hz„ (x, y) = h{x, y, zq) is an embedding into a surface 

that coincides with a center-unstable manifold if its image intersects the attractor. 
The set W is the image of x /“ x {0}) and intersects A. 

2) If h{xQ, 2 / 0 ) zq) G a, then 7 (t) = h{t, yo, ^o) is an unstable curve. 

3) For every x,y G C, every connected component of n C and of IF®® n C 
intersect at most once. 

4) The set IF is a connected center-unstable manifold with finite diameter con¬ 
taining W and such that W n IF®® ^ 0 for every y G C. The application tt : C —>■ IF 
sends each y G C into the point IF;®® (y) n IF. 

The first condition above says that the set Cn A can be seen as a family of center- 
unstable manifolds, the second one states that if an unstable curve intersects C then 
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it crosses C, and the third and fourth ones guarantee that the local stable projection 
TT®^ : C —>■ W D W are well defined. 

Since every point in the attractor admits arbitrarily small boxes containing it, it 
is possible to consider a finite family of boxes {{Ci, Wi,Wi,TTi)} such that the sets 
TT~^{Wi) cover the attractor A, that is, A C \JTT~^{Wi). 

i 


3.2. The Norms. We will define a norm that estimates a kind of regularity of the 
projection of measures into a fixed center-unstable manifold, it will be in terms 
of this norm that we will describe a criteria of absolute continuity for the stable 
projection of measures. This norm will be used jointly with the boxes defined in 
the previous section. 

Definition 3.2. Let X C M he a submanifold of dimension 2, mx be the Lebesgue 
measure in X induced by the Riemmanian metric, /ii and fj ,2 be finite measures 
defined in X and r > 0 fixed. We define the bilinear form (/ii,/i 2 )x,r by 


(Mi.M 2 )x.r = ^ J fii{B{z,r))fi 2 {B{z,r))dmx{z) 


The bilinear form {ni,fJ, 2 )x,r induces the norm 

\\^J-\\x,r = 

Let us now prove some facts for the norm || • ||x,r- 

Lemma 3.1. Given two finite families of center-unstable manifolds {Wi} and {Wi} 
with bounded diameter, Wi C W for every i and such that d{Wi, dW) > tq. Then 
there exists a constant Co > 1 such that: 


for every 0 < ri < r 2 < rg < 1, every i and every v supported on Wi. 

Proof. Let Cg be a constant independent of ri, r 2 such that it is possible to cover 
every ball B{0,r2) in the plane with Cg^ balls of radius ri. If Zk are the 
center of these balls, then every ball B{x,r 2 ) is covered by the balls B{x + Zk,ri). 
Since we have a finite number of center-unstable manifolds Wf^ that are diffeomor- 
phic images of subsets of by 4>i = ^^be a uniform Lipschitz 

constant Lf > 0 of every (j>i and (j)~^ and get that the ball B‘^'^{z, r 2 ) is contained in 

'tpi{B{ip~'^{z), Kr2)), which is covered by Cg sets fjiB{ip~^{z)+Zk, AT'Vi), 

and each one of them is covered by a ball B'^^{ipi{tp~^{z) -I- Zk), ri). So there exists 
a constant Cg independent of ri, r 2 , x and i such that it is possible to cover every 

R‘=“(x,r 2 ) in W™ with [Cg^l disks R="(wfe,ri). 
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We have the following estimate: 

* ’ '2JWi 

-T / {^IJ^{B{wk,ri)\ )d2: 

^2 JWi ^ f, ' 

^2 \^ 1 / JWi 

□ 

Lemma 3.2. Let and be finite measures defined in a center-unstable 

manifold W such that A 12 ^ and r > 0 fixed, then: 

Al^lllV.r = A^lllV.r 

n—¥(yci 

Moreover, if we consider finite measures and 12 '^ also defined in W such that 

then: 

lim {izl,ul)w,T = {v^,v'^)w,r 

n—¥(yci 

Proof. Note that iy^{dB^^{z,r)) = 0 for m‘^“-ae z, because: 

Jiy\dB‘^^{z,r)dm‘^^{z) = j J di/i(u.)dm™(z) 

d{z,w)—r 

= J m‘=“(5B™(w,r))dA(r(;) 

= 0 

Taking Jrv{x) = then JrV^ —)■ Jri^^ and since ||Jrr',^||i 2 is uniformly 

bounded, the lemma follows by the theorem of dominated convergence. 

The proof that lim„_>oo(i^i) tyf)w,r = ^oo)w,r is analogous. □ 

Let us now consider a norm measuring the total mass of a measure. 

Definition 3.3. For finite measures defined in the manifold M, we will consider 
the norm I • I as: A| = /i(M) 

Definition 3.4. Given a finite family of applications tt^ : Ci C M —)■ TTi D iTj, 
i = 1, • • • , So and a measure ^ in M, we consider the families W = {ITi, • • • , Ws^} 
and VV = {fTi, • • • , Wg^} and define 

lll^lllw.r := max 
1=1,••• ,S0 

lllAilllw.r := .max {||(7r,)*/i||jy^_J 

Remark 3.1. Given a finite family of boxes {{Ci, Wi, Wi, TTi)}, f = 1, • • • , sq, with 
the property that {7r“^(lTi)} covers A, for measures /i defined in A we have the 
following equivalence for |||/i|||{iVi},r and |||Mlll{iv,},r- 

lllMlll{W},r ^ 11 If^l I l{VV},r — '^ol I Ia^I I |{W},r 
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When the boxes and the corresponding center-unstable manifolds are implicit, 
we will simply denote the norms by || • and ||| • |||r. 

Given a center-unstable manifold W, we denote by the Lebesgue measure 
in this submanifold given by the Riemannian metric. When the set W is implicit 
we will denote it by Notice that we are considering dynamically coherent 

attractors with dim(ill° 0 i5““) = 2. For absolute continuous measures defined in 
a center-unstable surface, the norm || • ||r is related to the norm of the density, 
this relation can be seen in the following criteria of absolute continuity for measures 
defined in a center-unstable manifold. 


Lemma 3.3. Given a center-unstable manifold W, there exists a constant / > 0 
such that every finite Borel measure u defined in W satisfying 


liminf||u||vur < L, 

r—>-0+ 


for some L > 0 , is absolutely continuous with respect to and 


dv 


< IL. 


Proof. First we observe that there exist constants C'i,C '2 > 0 such that C\ < 
——< C 2 , which is valid because the center-unstable manifolds form a lam¬ 
ination and the areas of balls with small radius depends only on the first derivative 
of the restriction of these charts to the horizontal planes. 

Define Jr„u(x) = hypothesis, we can consider a sequence 

r„ —)■ O’*" such that || is uniformly bounded by Cf^L. Taking a 

subsequence we suppose that Jr„v ip G weakly, so 




lim [ f ■ Jr^ V dm"^” 

n—>-(X) J ^ 


VK 



for every continuous function /. This implies that u = ipm^, and that for I = 


dv 


dm'^'^ 


L2 


lim 11 |j ;,2 < IL 

n—>-oo ^ 


□ 


4 . The Main Inequality 

This Section is dedicated to prove the Main Inequality of this work (Proposi¬ 
tion 4.1 below), which will be used to estimate the norm ||(7ri)*/i||vUi,r for small 
parameters r. 

Given / and A satisfying the assumptions of Theorem A, consider a finite family 
of boxes {{Ci,Wi,Wi,TTi)}, i = 1, • • • ,So, such that A C U7r“^(IFi) and the 

i 

diameter of each box is smaller than the eg given in the Transversality Gondition 
(HI), To small such that d‘^^(7ri(Ci), dWi) > rg for every z, fixed constants oi and 
02 such that for every unstable curve 7 ““ crossing Ci we have oi < ^( 7 ““) < 02 
and an upper bound L > 1 for the Lipschitz constant of every tt^. In what follows, 
we will suppose that this family is fixed once for all. 

The Main Inequality of this work is the following. 
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Proposition 4.1 (Main Inequality). There exist constants B > 0 and a > 1 such 
that for every n € N, there exist > 0 , r„ > 0 and c„ > 1 such that for every 
ergodic u-Gibbs fj, and every r < r„, we have: 

This type of inequality is often used in the study of the regularity of invariant 
measures in ergodic theory. There are two norms, one measuring the size and other 
measuring the regularity of the measure. These inequalities allow us to estimate 
the regularity of the fixed points. This kind of inequality is due to Doeblin-Fortet, 
and it is also known as “Lasota-Yorke type inequality”. 

The proof of Proposition 4.1 is the main objective of this Section. 

4.1. Approximating u-Gibbs inside the Boxes. To apply our arguments, it 
will be useful to approximate the restriction of a u-Gibbs to one box by a finite 
combination of measures supported on unstable curves that crosses the box. 

Lemma 4.1. There exist Ci > 0 and oi € (0,1) such that the restriction of every 
ergodic u-Gibbs to a box Ci is equals to the limit lim with /x„ = 

where log/?” is (Gi,ai)-Holder and 7 ” is an unstable curve contained in Ci that 
crosses Ci. 

Proof. For every ergodic u-Gibbs /t, there exists some unstable curve 7 ““ such that 
/i is written as a limit of /i„ := ^ Given Ci and oi, let >Cci,qi 

be the closed space of measures whose logarithm of the density of the conditional 
measure to the unstable curves are of class (Gi, ai)-Holder, one can easily see that 
there exist Gi, oi and no € N such that the space Lcy,ai is invariant under /" for 
every n G N. 

Consider the measures := ( ^ M|c ■ every j G N, 

let 7 ”” C /■’ ( 7 ““) n Ci be the curve obtained removing the connected components 

of /■^( 7 "“) n Ci that do not cross the box Ci, and consider the measure := 

/♦(™| -j-ui,)) • From the invariance of /icoau it follows that G 

V ^ Cc'i 

>Cci,Qi for every n G N. Note that 0 because their difference is 

a measure supported in the connected components that were removed, but these 
connected components are at most 2 n, they have bounded length and the density of 
their conditional measure to these unstable curves converges to zero when n —)■ 00 . 
So limvn = limt?„ = , thus the sequence {vn}n satisfies the conditions that we 

want. □ 

4.2. Comparing Sizes of Cylinders. Denote by i?™(a;,r) the center-unstable 
ball of radius r centered at x. The next lemma estimates, for u-Gibbs measures, 
the measure of the sets Tr ~^which we will look as cylinders. 

Given n G N, let - ,mo(i,j,n) be the connected components of /”(Gi)n 

Cj, the sets Cij^m ■= f~^Ri,j,m C Ci and the maps := /|” • When the 

choices of Ci, Cj and n are implicit we will write fm instead of fij,m- 

Lemma 4.2. There exists Bi > 0 such that for every n, Ci and Cj there exists 
f„ such that, taking S = 10G“^L^(A“)“”r and an Ax) = (Ar)” min IlD/,” || 

’ W^C{x) 
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with C{x) = r), we have for every ergodic u-Gibbs /r, every 

X G Wi, every m and any r < f„: 

\0 / 0^n,r ) 

Proof. First, let us prove this lemma for measures fj, = m^, where 7 is an unstable 
curve contained in Ci that crosses Ci. If /"(x) ^ Cj then the left-hand side of the 
inequality is zero, so we can suppose that /"(x) G Cj. Consider 2 G such 

that 7 C VF="(0) and define the set V{z) = IF™(0) n f-^Tr-^B‘^'^{TrjP{x),r), let 
us also consider the intervals I = 'y~^{V{z)) and J = 7“^(i?™(2, F“^( 5 )). We note 
that V{z) C C IF™(z) n d). 





We want to bound — -iau 1 for this purpose we estimate 
Fix i?2 > 0 such that for every r < R2 every unstable curve intersects B‘^'^{-,Lr) 
with length at most 3 Lr. Taking r < i?2 we see that: 

3 Tr > TOy^(^)(/m7n S™(/”(z),Lr)) 

(7) Uml n -Kj ^(tTj/”(z), r)) 

> TO^(7n/;;V,"^B(x,r)) •mm||i:i/|”„„|| 

>tor(/)- min ||i:»/|'^„J| 

w£C{z) ' w 


Then tor(/) < 


_ 3Lr 

-1 


When TO-y(/^^7r ^i3™(/”(2;),r)) = 0 , we have tor(/) = 0 and the inequality of 


the lemma holds in this case. When m.y{f„ 
(= 10C'“^L^(Aj)“"r) guarantees that 


‘(/”(2),r)) > 0, the choice of 6 


V{z)cB^^z, min \\Df^:\\-^Lr) 

-wGC{z) 

C ^L-^S) 


Take r small enough such that Ui > 10 ( 5 . Since tor( 7) > ai > 10(5 and 7 n 
B‘^'^{z, ^L~^S) fz 0^ we have that the length of 'y(1 B'^'^{z, S) is greater than ^L~^S, 
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so ms.{J) > \L ^5. Then: 

_ 3Lr _ 

ruRjl) ^ ^ /r \2 60L-^C-^ 

mwiiJ) ~ hL~^S ~ V^/ (A;r)” • min H-D/," || 

u)eC(z) 

Thus, the Lemma is valid in the case /i = m-y. 

Now, taking fj, = pm^, with 7 as before, logp of class (Ci, ai)-Holder, p defined 
in an interval of length smaller than 02 , since j’ m^{J) every 

/ C J C M, we have 

{pmj){TT-^B{TTfm^'n—^{x),6)) ~ (Tn,r 

Hence Lemma 4.2 also holds for measures p = pm^, with Bi = •60L‘*C'“^. 

In the case where ^ is a finite sum p = Pi’^^-n ; with pi and 7 i as before, 

the result follows by linearity, since both sides of the inequality are linear in p. 

Finally, if p is an ergodic u-Gibbs, we proceed using Lemma 4.1. The measures 
Pn given by Lemma 4.1 are finite sum of measures of the type pm-y, so the desired 
inequality holds for /i„. If we take r smaller than the inverse of the curvature 
of every unstable curve, then intersects every unstable curve at most 

finitely; so /x(9H“(-,r)) = 0 for such r. Since p is the limit of pn, we can take the 
limit in each term of the inequality, so what we desired also holds for p. □ 

4.3. One Inequality for the Norm. 


Lemma 4.3. There are two constants B 2 > 0 and CT 2 > 1 such that for every n, Ci 
and Cj there exists a constant i?„ > 0 such that, for 6 = 10CL{\~)~^r, for every 
r < Rn and any ergodic u-Gibbs p: 

Gry 

m ^ 

Proof. Applying Lemma 4.2 to the measure p, we see that: 

^ JWi 


< 


^ f p(p^ ttj {y),S)) 

J (A^)2"- min I|D/" IP 


■dm™(y) 


w. 


weC(y) 


Changing the variables y = o o tt^. ^(y) and noticing that o o tt^. ^ : 
Wj —)■ Wi is an absolutely continuous homeomorphism into the image with Jacobian 
bounded by ■ sup | det JJ/|” „„ I, we have: 


xG (y) 

BlL"^ 


Wir\R, 


mK ^B{y,5)f • Jac(7rJ„7r,- \y)) 
q: 

B{y^L6) 


(Ac-) 


-\2n 


- - —dm'^“(y) 

ii^/i„ 112 


p{-K^ B{y,S)y- sup IdetU/," 


< 


yi&w; 


(54 


WinR^. 


(Ac )2" min ||L?/|" 

we7T-^B{x,LS) h 


dTO“(y) 
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To estimate the term inside the integral we use the central direction neutral 
condition. For that, we use the following Claim, which will be proved later. 


Claim 4.1. There exists a constant K 2 > 0 such that for every n € N there exists 
f„ > 0 such that for every r < f„ it holds: 


sup 

yielUl 


I det Df. 


(Ac -)2 


^ min \\DfP 


< Ko 


(A+) 


(AF) 2 (Ai:) 


Supposing that r < considering <72 = , . < 1, then: 

(Ac ) (Aii ) 




BlL^K2 


S* 


dTO“(i) 


WinR, 


Defining B 2 = BiL^K 2 and adding this inequality in m, we get: 




B2 f {Tri)*fi{B{x,S))‘^ 




dm™(a:) 


dTO°“(a;) 


Wi 


B. 




□ 


Let us now prove Claim 4.1. 

Proof of Claim f.l. We first consider the case where yi G and w = x. 

\detDfJ'^^^ I 

There exists K 2 > 0 such that | < K 2 for every y 2 G IF^® and every 

n > 0, this is due to the following: 


log I det I - log I det Df^^^ | = log | det | - log | det | 

y2 fHvi) fHy2) 

<Y.C2d{f{y,),f{y2)r 

j>0 
+ 00 

<j2c2i{{Xssr^y :=k2 

3=0 

Here we have used that the function x —>■ log | det | is {C 2 , Q; 2 )-Holder and 

that the length of IF®* is uniformly bounded by I inside the boxes. We then have: 
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I det Df. 




< K2 ■ 


I det Df. 


(Ac-)2"-|l^/i 


^ c^K2ixtr 

- C'-i(A^)2"(A^)" 
^ C^K2 


Now, if j/i G W?^ and w € tTj L 6 ), by continuity, there exists f„ = f„(w2) 


such that h < 


\\Df: 


2 - \\Df 


l-E3f 


< 2 for every wi G B^'^{w2,rn(w2))- By compactness, f„ 


can always be taken to be uniform in W2- Taking f„ small enough, for every r < fn, 
every w G f„) and any 2; G 1 T|® = Wyf we have: 


(A, 


det £>/” 


-\2n 


^ C^k2-\deiDfl^^J ^ 

- (A.-)2».i||Z?/|"^J|2 - 


□ 


4 . 4 . Inequalities using the Transversality. 

Lemma 4.4. For every 0 G (0, |) there exist constants rg and Cg for which the 
following is valid: given Lipschitz curves 71 and 72 of finite length contained in some 
center-unstable manifold contained in V that are 0 -transversal in neighborhoods of 
radius rg, for every r < and every connected component Er of {s, |d(7i(s), 72)! < 
r}, the length of 71 (ifr) is at most Cgr. 

Proof. We consider first the case where 71 and 72 are curves contained in 

If the curves 71 and 72 are contained in for every point 72 (t) we consider 
cones Cl ft) and C'2(t) as in the definition of 0 -transversality. By transversality in 
neighborhoods of radius r, the curves intersects at most once on neighborhoods of 
radius smaller than |. We also suppose that the extremal line of C2{t) closest to 
7i is contained in the axes x and that 711 is a graph over it. We will consider 

by Er 

as a graph over 7^. 


7i 
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Notice that 71 (t) increases at least Cgt. Actually, the length of d is at most 
and this geometric comparison passes to the following inequality: 


l{li{Er)) < mR({s,d(7j''(s),72 ) < r}) 


< 


2 

tan( 0 )^ 


Cgr 


Now, suppose that the curves are contained in the same center-unstable man¬ 
ifold. Let Ui be the sets given by Proposition 2.4 and the open set V = UiUi 
that contains A, since the family of diffeomorphisms given by Proposi¬ 

tion 2.4 have derivative uniformly bounded, taking T = sup|||, the length 

of 7 i(Ar) is smaller than the length of times T. Let rg be such that 

CgrgT < then 71 (A^) is contained in some Ui^, io € I. The result follows 
taking r < min{i?i,r 0 } and noticing that in V the distances and d(x,y) 

are equivalent, and that {s, fi( 7 i(s), 72 ) < t} C {s,d{'ipi„ 7i(s).V’io72) < Tr}. □ 


The transversality between stable projections of unstable curves can be used to 
estimate the bilinear form of stable projections of u-Gibbs. 

Lemma 4.5. Given n, Ci and Cj, there exist f„ > 0 and A„ > 0 such that for 
every ergodic u-Gibbs fj,, r < fn and for every m ^ m!, the following holds: 


( )* VUj ,r ^ * I (Tj /i| • I (Tj ):); (/i| 


Proof. By finiteness, there exist constants di > 0 and d2 > 0 such that for every 
pair of components and w 7^ m', it is valid that either 

d ^ d\ or d (^Pijj.rriT 7 6 ^ 2 . Consider — d(di), Rn — 

r(di) given by the transversality condition and r < min{^, ^}. 

Lemma 4.5 will be proved first for measures supported on single unstable curves 
and after for approximations of /i by combination of measures supported in unstable 
curves. 

Suppose /xi = and /i2 = P2TO727 where logpi is (Ci, ai)-Holder and 7^ is 

an unstable curve contained in Ci that crosses Ci, i = 1,2. Consider the Lipschitz 
curves 7^ = tt^ o f^ini) and 7^/ = tt^ o fm'{l2), the measures 
and Vm' = i'!^j)*ifTn')*fJ'2 supported on these curves, consider the densities pm = 
= (Jac7r|'*)“i(Jac/m)“Vi and = (Jac7r®^)“^(Jac/„/)“V2- In 

this case we will prove that {vrmVm')w-,r < Cg^\vm\\vm'\- 

There exist constants C^ and (depending on Ci, ai, L) such that the densities 
Pm and Pm' are {C3, asj-Holder functions. Since the curves 7* have length uniformly 
bounded by L~^ai and La2, we have p*(7*(a;)) < * G 

Let C4 be a constant such that {z, r)) < C^r"^ for every z G UCi. 

Define the function by lr{z\,Z2) = 1 if d™(zi,Z2) < r and 1^(21,22) = 0 
otherwise. 

If d'^'^{Ri j^mj < T then {vm,Vm')wj,r IS zero and the inequality is valid. 

Else, d‘^^{Rij^m,Ri,j,m') > di, and so: 
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^ J Vm{B{z, r))l^rn'{B {z, rj) (z) 

( Pm{lm{s)) dm^^{s)^ 


^3 lm^B{z,r) 


( J Pm'(7m'(0)dTO^^,(<)^ dm™(z) 

7^/nB(2:,r) 

= ^yy J (^Pm{ 7 m{s))Pm'{lm'{t))'^r{lm{s),z)lr{jm'{.t),z)"j dsdtdz 
- y J Pm{s) ■ l2r(7m(s),7m'(i)) 

7r^' 7 t7t' 

(y lr(7m(s), z) dy dt 
w, 

<^J J (pm(7m(s))Pm'(7m'(t))l2r(7m(s),7m'(t))) dsdi 


< 


7m 7m' 

C'4e^'^3(ia2)“3 


Pm(7m(^o))Pm^ (SYm' (^o)) 


(yi2r(7m(s),7m') ds) ( J l2r{dm, Im'{t)) dt 


To estimate the last term in parentheses, we will use Lemma 4.4. Take r < 
small such that Lemma 4.4 holds and consider the constant Cg^ given by that 
lemma. Note also that for these projections of unstable curves, by transversality 
in neighborhoods with radius smaller than i?„, there exists an integer Mn € N 
such that each intersects the neighborhood of radius r of 7m' in at most M„ 
connected components. Then: 

C 

{^7m^ni')Wj,r — (7m (^o))/^m'(7m'(7)) * ^^nCg^T^ 

~ ) ' Pm(7m (^o))Pm'(7m'(fo)) 


In what follows, we will use that f Pm( 7 m(s))ds > K^pmi'Jmiso)) for some 

7™ 

constant > 0. This is due to a simple calculation: 

y Pm(7m(s))ds> y e“('^ 2 (ia 2 ) ^ (y^(sg)) ds 

7m 7m 

= e“('^"(''“")“"Vm(7m(so))^(7m) 

> Pm(7m(so)) 

= KsPjnilmiso)). 
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Analogously, it is valid that Pm'(7m'(io)) < ^ J dt, so we have 

7m' 

the estimate: 

{^m:^m')Wj,r ^ Pm{'Jm{^^^ ds J' Pm'{'Jrn'dt 

7m 7m' 

~ * I I'm I * I Pm' I 

The second case to be considered is when the measure /i is a finite sum p = 
X]fc=iPfc^ 7 fc- this case, the inequality holds by linearity because we also have 
0„-transversality of the stable projection of unstable curves. Actually, taking Vm = 
and i^m' = {'!^j)*ifm')*P we see that: 

(Um; Pm') Wj ,r )’ (/m')* ^ Pk''^^y ))Wj,r 

k k' 

k,k' 

— ^ ^ (/"m)* (Pfc^7fc )| I (/mO* {Pk'‘kkl^y ) I 

k,k' 

— [Uyn' I 

Finally, let us suppose that p is an ergodic u-Gibbs. In this case, we use Lemma 
4.1 to approximate p by probability measures ’^iPim^^ and apply Lemma 3.3 to 
approximate to the bilinear form on the left-hand side of the inequality. □ 


4.5. Proof of the Main Inequality. Let us give a Localized Version of the Main 
Inequality when two boxes Ci, Cj and an integer n are fixed. 


Proposition 4.2 (Main Inequality - Localized Version). There exist B > 0 and 
CT > 1, such that for every n e N and Q, Cj fixed, there exist I)„ > 0, r„ > 0 and 
c„ > 1 such that for every ergodic u-Gibbs p and any r < r„, it holds: 


(7rj)*(/r(M|c,)) 


Wj ,r O'” 


^i,Cnr 




Proof of the Localized Version. Take rn small such that Lemmas 4.3 and 4.5 holds 
for every r < r^ Then: 


m 

— ^ ^ 11 \ wj,r 4 “ ^ ^ {fm')*p)Wj,r 

m m^m' 

Q _^ 

— 11 lTyi,c^r ^ V 

m^m' 

= + ^n|(7ri)»Mp 

□ 
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Proof of the Main Inequality. Note that \\\{fn-,i,j,m)*ti-\\\{w},r = \\{'!^j)*h-\\wj,r , where 
W = {Wi, ■ ■ ■ , Wsg} is the finite family of boxes fixed in the beginning of this Sec¬ 
tion, and note also that ff‘fj,{E) < j m Um)*h{E) for every measurable set E. 
Then: 



□ 


5. Physical Measures 

Through this Section we will assume that / satisfies the assumptions of Theorem 
A and the same boxes and norms considered in the Lemmas along Section 4. 

5.1. Existence of Physical Measures. We will prove that every u-Gibbs projects 
by the stable projection into absolutely continuous measures in the center-unstable 
manifolds Wi and that this fact implies positive measure for the basin of these 
measures. 

Proposition 5.1. Every ergodic u-Gibbs projects into an absolutely continuous 
measure in Wi by the applications tt^. Moreover, for every ergodic u-Gibbs /i there 
exists a constant L > 0 such that < L. 

ClTYl y2 

Proof. Given the ergodic u-Gibbs /i, consider B and a as in the Main Inequality. 
Fix TV such that < 1 and consider D^, rjv and cat as in the Main Inequality. 
Then, for r < r^'. 

(Jl\ 

For r < —, we have: 

IIHII^v<4lllMlll" + ^A|/xp 

^ a 

Define the constant ATq := IIImIIIdv and iterate j times the inequality: 



PHYSICAL MEASURES FOR CERTAIN PARTIALLY HYPERBOLIC ATTRACTORS ON 3-MANIFOLI2$ 


^ < 

-j — I 

f-N 2 ' ^ 


B 


-(i-i)lLN + 


< 


< 


B 


2 

IN 


/ B 

+ Dm 1 H-^ + 


■N 




<\-Kq + Dm • - - ( B \ ^ 


Hence, for every tt^ we have: 


liminf||(7ri)*^||Wi,r < limin: 

r—>- 0 + ’ i —>00 


,-j IN 
'N 2 


< L < +c», 


and the criteria of absolute continuity for measures (Lemma 3.3) gives that 

d{{'Ki)»lJL) 


(tTi)*/! < and 


C?TO° 


< L. 


L 2 


□ 


Since we have fixed the boxes {{Ci, Wi, Wi, 71 ^)} that covers A, for every u-Gibbs 
/r there exists some ig such that fJ.{Cig) > 

Proposition 5.2. Let /j, be an ergodic u-Gibbs for / and let i be such that fJ,{Ci) > 
If the measure b = (7r®'’)*/r is absolutely continuous with respect to the 
Lebesgue measure and 11 < AT, then /r is a physical measure and there 

exists a constant M > 0 depending on K such that m{B{^)) > M. 

Proof. Since ^ is ergodic, we have that fi{B{fi)) = 1. Note also that Tri{B{fi)) is 
measurable (Theorem 3.23 in [T^] guarantees the measurability of this projection). 
Then, 

i^{TTiB{fi)) = fi{{Tri)~'^Tr,B{fi)) > n{B{fi) Cl Q) > ^ 

2so 

By the absolute continuity of b, it follows that m™(7rii?(/x)) > 0. Actually, we have 
m™(7rii?(/r)) > {2soK)~^. In fact, 

(2so)“^ < v{'KiB{ii)) 

< m‘^'^{'KiB{n))K 

From the fact that B{fj,) is J^®®-saturated and is absolutely continuous, it 
follows that m{B{fi)) > 0, so /x is a physical measure. Moreover, considering a 
constant that bounds from below the Jacobian of h®® we have that m{B{^)) > 
{2sgK)-'^ Jac(h®®)-1 =: M. □ 


dv 


dm^ 


T? 
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5.2. Proof of Theorem A. Proposition 5.2 guarantees that every ergodic u-Gibbs 
is a physical measure. To conclude the proof of Theorem A, it remains to prove 
that there exist at most finite physical measures (Finiteness) and that the union 
of their basin has full Lebesgue measure in the basin of attraction (Problem of the 
Basins). 

5.2.1. Finiteness. We will show that there exist at most finite ergodic physical mea¬ 
sures for /. The finiteness of physical measures will be obtained as a consequence 
of the full Lebesgue measure of the union of the basins of the ergodic physical 
measures. 

Suppose that there are infinitely many ergodic u-Gibbs /x„, taking a subsequence 
we can suppose that —)■ /i, and consider io and a subsequence also denoted by 

such that fj,n{Cig) > ^ for every n G N. Proposition 5.2 implies that every 

{TTig)*Hn is absolutely continuous with respect to and that is uniformly 

bounded in by some constant K > 0. 

Gonsidering M as in Proposition 5.2, there exist at most i ergodic physical 

measures with 11 11 ^^^2 < K. Actually, supposing that there are /ii, • • •, /x; 

ergodic physical measures for ^ + 1) Proposition 2.1 implies that they are 

all ergodic u-Gibbs and Proposition 5.2 implies that the Lebesgue measure of their 
basin is bounded below by M > 0. Since their basins are disjoint, 1 > m(Ui3(/Xi)) = 

i 

^■m(il(^i)) > I ■ C 5 > 1, which is a contradiction. Thus, there exists a finite 
number of ergodic physical measures. 

5.2.2. The Problem of the Basins. We are now ready to show that the union of the 
basins of the physical measures have full Lebesgue measure in the whole basin of 
attraction. 

Denote the ergodic u-Gibbs by /xi, •••, fii, consider the sets X = 

E = B{A)\ U B{fii) and assume by contradiction that m{E) > 0. Let ttie be 
the normalized measure, cr„ = ^ and CToo an accumulation point of 

CT„. By Proposition 2.2, CToo is a u-Gibbs, so it projects by TTj into an absolutely 
continuous measure with < K for every j = 1, • • • , sg. Consider {uk} 

the sequence such that —>■ a^o, take j such that ( 7 rj)*crQo is non-zero and define 

the measures = (7rj)*CT„j, and CToo = (Ej)i,aoo- 

By the invariance of E and X, we have that ct„j,(A) = 0 and 0 = (T„^(7rj(A)) = 
/ti- (A) dm"" which implies that (cc) = 0 for m°“-almost every x € '!Tj{X). 

Analogously, (Joo{E) = 0 implies that = 0 for TO°“-almost every x € TTj{E). 

Putting it together, it holds that (x) ■ = 0 for m‘^“-almost every 

X G Wj. Hence: 


I do 


d(T 00 
’ dm^'^ 


)l 2 


dCrif. 

dm^^^ 


(x) 


d(T 00 
dm^'^ 


{x)dm^^ 


= 0 , 


which is a contradiction with the fact that 


□ 


5 . 3 . Proof of Corollary B. We will see how Corollary B follows from Theorem 
A under the condition (H3) of regularity of the stable foliation. 



PHYSICAL MEASURES FOR CERTAIN PARTIALLY HYPERBOLIC ATTRACTORS ON 3-MANIFOLI2S 

In our setting, we have the trapping region U such that the attractor A/g is 
equals to n„>o/^(17), the stable subbundle E^^{g) defined for every x G U tends 
to E'^‘^{fo) when / tends to /q. 

Proposition 5.3. Suppose that is of class and that there are constants a, 
ei, 02, L and r2 such that: for every unstable curves 71, 72 of lengths at most L 
and every center-unstable manifold with < ei and ^**(71,72) G 

J = [a,/a], where I = max {||A’/|p„ ||“^}, the curves 7r®®7i and 71*^72 are 62- 

transversal in neighborhood of radius r2 in IP™. 

Then the Transversality Condition (HI) holds. 

Proof. First, let us suppose that IP™ contains the curve 72. Given the unstable 
curves 71 and 72 with d®® = d < eg, we consider eg = minjei, a} and the smallest 
integer n € N such that d(/Q"” 7 i,/,)""72) G J = [a, la] (this is a fundamental 
domain for the of stable distances of iterations of curves). By hypothesis, the 
projections of these curves into are d2-transversal in neighborhoods of 

radius r2. Iterating forward n times the projection of the curves, there exists a 
constant r depending on the norm of Dfg restricted to each sub-bundle such that 
the angle of the images of the tangent vectors to the projected curves is bounded 
by T"d2 in neighborhoods of radius (A“)"r2. 

Claim 5.1. Given two open sets U,V C with bounded diameter and a diffeo- 
morphism h : U ^ V of class with \ \h — idWc^ < for every d < | and r > 0, 
there exist constants 9 and f such that for every pair of curves 71,72 contained in 
U that are d-transversal in neighborhoods of radius r, the curves 71 = h(^i) and 
72 = ^.(72) are d-transversal in neighborhoods of radius f. 

Proof of Claim 5 . 1 . Let Vi be a unit vector tangent to 7^ at the point Xi and Vi 
a unit vector tangent to h{'ji) at the point h{xi), for i = 1 , 2 . The unit vector 
tangent to the curves 7i at the point h{xi) € ji are given by Vi = Xi • dhxi(vi), 
where A* = \\dhxi{vi)\\~'^. 

A geometric consideration gives that sin( ^^"’™^ ) = for every pair of unit 

vectors v and w. Let C be such that C~^ < < C for every x G [^, |], then 

C~^\\v — rc|| < Z{v,w) <C\\v — wll whenever Z{v,w) < 

By continuity of the derivative, given r and 9 we take a constant fi such that 
d{x,y) < fi implies that \\id — dhf^dhyW < ^20^ ■ 11^ ~ id\\c^ < \ 

imples that 5 < Ai,A2 < 2 and that | < ||(d/i2;)“^||“^ < 2. 

Now, supposing that Z(ui — V2) > 9 , that vi is closer to V2 than to —V2, and 
that ail = h{xi), X2 = h{x2) satisfies fi(a;i,a;2) < f = min{|, ^}, let us conclude 
that Z{vi,V2) > 9 . In fact, 

11^1 - V2II = \\XidhxiVi - X2dhx2V2\\ 

> Ai • WdhfX'W^i - XiXf\dhf^dhxM 

>\ \\vi-XiXf^ ■dhf^dhy{v2))\\ 

> ^ llui - AiA^^U2|| - IIA1A2 - dhf'^dhy{v2))\\ 

1 r 1 

> ^ [Iki - (^^1 • V2)V2\\ - X1X2 ||P2 - dhx^ dhx.,(v2)\\ 
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> 

> 

> 

> 

> 


1 

4 

1 ■ 
4 . 
1 r 


\\vi - V 2 \ \ - \ \V 2 - {Vi ■ V 2 )V 2 \ \ - ^\id - dh^ldh^^ \ 


7 llt'i — 11211 — |1 — ^'l • 1 ^ 2 ! — 4 


C -^6 


20 


" 2 20 J 

c-^e 

' 20 


1|| ||/i ||ui-'y2| 

-1 |i;i-11211(^1-^- 




1 

4 


c-'^e c-^e 


20 


80 


Here we have used the triangle inequality, that | |ui — '!; 2 11 < |, | Icci — a; 2 11 < 

fi and that ||?; — Au|| is minimum for A = Taking 9 := ^ , it follows that 

the curves 71 and 72 are 0 -transversal in neighborhoods of radius f. □ 


When 72 is not contained in VT™, consider W™ that contains 72 , the same n as 
before 9 = t "02 and r = (Aj)"r 2 . Take eo small such that it is possible to apply 
Claim 5.1 for the stable holonomy between center-unstable manifolds with diameter 
smaller than L whose d®®-distance is smaller than eq (we take a local chart with 
product structure of 1 T'^“ x IT®® to say that the holonomy is close to the vertical 
projection). Taking eq < eq and applying Claim 5.1 we obtain 0(e) and r{e) such 
that the projections into IT™ are 0(E)-transversal in neighborhoods of radius r{e). 

□ 


Now we are able to prove the robustness of the transversality condition under 
the condition of regularity of the stable foliation, which implies that the stable 
subbundle converges to £’®®(/o) for every x £ U when / tends to /q. 

Proposition 5.4. The Transversality Condition (HI) is an open property under 
Condition (H3). 

Proof. As seen in Proposition 5.3, it is enough to check the transversality for pro¬ 
jection of curves when d®® G [a, la] = J, where J is a fundamental domain for the 
size of iterates of stable segments. 

Since x —>■ A““ is continuous, we can consider a family of unstable cones with 
small width and fix a constant a > 0 that bounds from below the angle of each pair 
of stable projections of unstable cones of this family when d®® G J. If a curve at x 
is contained in a cone C, then every curve at x that is close is also contained 
in the cone C. Thus the family of cones and the limitation a of the projections 
can be taken constant for every projection of / in a neighborhood of /o in the 
topology. □ 

Proof of Corollary B. Given /o, there exists a neighborhood U of /o such that every 
f GlA satisfies the hypotheses of Theorem A. Actually, Conditions (H2), (H3) and 
robust dynamical coherence are open in /, and it follows from Proposition 5.4 that 
the Transversality Condition is open under Condition (H3). □ 
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6. Attractors with Trans vers ality 

We will describe how to construct a family of nonhyperbolic attractors with 
central direction neutral and transversality between unstable leaves via the stable 
projection. 

6.1. The Attractor Fq. Consider M = x [—1,1] x [—1,1] and Fq : M —>■ M oi 
the type 

Fo{x, y, z) = [lx, XcV + g{x),\ssZ + h{x)) 

where Ass < Ac < 1, Ac > j and A„„ = Z G N. 

In what follows, we will describe two examples of such attractors Fq that satisfies 
the transversality condition. 

6.1.1. Example 1: Let I = Xuu = 3 and i G {1,2,3}. We consider the rectangles 
Ri = [0, |) X [—1,1]^, i ?2 = [Ilf) X [“1; 1]^ s-iid i ?3 = [§,!) X [—1,1]^ and the 
functions g and h such that g{x) = aiX + Ci and h(x) = di if a; G Ri, where the 
constants c^’s and d^’s are parameters of translation guaranteeing that Fq{M) C M 
and that Fq is invertible. 

The dynamics Fq is a linear model of a hyperbolic attractor, restricted to each 
rectangle Ri it is a hyperbolic affine transformation inserting Ri into M with slope 
Ui in the y-direction into the xy-plane. For simplicity we will consider a constant 
a G (0,1 — Ac) and choose the parameters ai = a, a 2 = 0, 03 = —a and Ci = —ai, 
i = 1,2, 3, then the rectangles are inserted transversally with respect to the stable 
(vertical) foliation. This dynamics can be represented by the picture below. 





hyperbolic when restricted to the interior of the i?i’s, so the unstable manifolds are 
well defined for every point in the attractor whose backward orbit never intersects 
any Di, which corresponds to almost every point. 


Proposition 6.1. The attractor Ag for Fq satisfy the Transversality Condition 
(HI). 


Proof. The calculation is done noticing that the stable projection tt®® of Fq co¬ 
incides with the vertical projection, the center-unstable direction at every point 
corresponds to the xy-plane and i?““ is given for every p G Ag by A““(p) = 
(l.Ej where aj{p) = a{FQ^~^{p)) G (01,02,as} depends 

on the itinerary of the cc-coordinate of p by the expansion in by the factor 
Xuu = 3. We obtain the expression for £1““ = (l,o““(p),0) rewriting the condi¬ 
tion DFoip) ■ as (A„„,o,(p) + o““(p)Ac,0) = A„„(l,o““(Fo(p)),0), 
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so a““ is a function that satisfies a““(Fo(p)) = (A„„) ^a(p) + where 

a{x,y,z) = UiX. Iterating the last equation j times and considering p := 
we get: 

a““(Fj(p)) = (A„„)"^a(Fj"^(p)) +p(A„„)"^a(Fo^"^(p)) +-hp^a““(p) 


So, for every p G A, we have: 

a““(p) = i>^uu)~^a{Fg^{p)) + p{Xuu)~^a{Fg'^{p)) H-h p>a'^'^{F~^ (p)) 

jo 

= E i\uu)-^P^a{F-^^+^\p)) + V“(p)) 

j=o 

E i^uu)~^p’a{F~*^^^^\p)) 

j>0 


Consider multi-indexes [fc] = (/cq, • • • , kt-i) of size t, where kj G {1, 2, 3}, define 
the rectangle as the set of points q such that F^ (q) G Rk^ , 0 < j < t — 1 and 
/[fc] as the restriction of Fq to R[^. Since the #®-diameter of R(ko, - M-i) equals 
to (Ass)*, if 72 *") > e ff^en these curves are contained in distinct /[fc](M), 

/[fc/](M) for multi-indexes [k] = (feg, • • • ,ktg-i) and [k'] = (A:q,--- ,k^^_l) of size 
to > For p G f[k]{M) and p' G /[fc'](M), taking jo = inf{j, kj ^ fc'} < to we 

have: 


v. • '^UU 

J>JO 
pjo r 

A,, 


^{F — a(F -f E ~ o') 

A,,-- 


j>jo 


> 


1 


All 


fp°a — 2a 


pt 


0-1-1-| 


1 log g 
> -—piog Ass a 


1-p 

1 -3p 

1-p 


:= C'(e) 


Since 7 ro®F“"(p) = ( 1 , a“”(p)), it follows that Z((l, a““(p)), (1, a““(p')) is bounded 
from below, because the function a““ is uniformly bounded and the difference 
|a““(p) — a“”(p')| is bounded from below by C'(e). Then there exists a function 
9 : (0,1) —t M+ such that the angle between 7 r®®( 7 ““) and 7r®'’(72“) is greater than 
9{e) whenever c?'^®( 7 ““, 72 “) > e. □ 


6.1.2. Example 2: Consider Fq : M ^ M given by 

Fo{x, y, z) = {2x, Xcy + sin(27ra:), XssZ -f h{x)) 

with Ass < 0,5 < Ac < 0, 51, Z = A„„ = 2, h{x) equals to A if 0 < x < A and 
equals to—^if^<x<l. This dynamics is an invertible version of the example 1 
in m, considering M the quotient of [0,1] x [—1,1] x [—1,1] by the identification 
i^,y,z) ~ (0,p,l - z). 

Proposition 6.2. The attractor Ag for Fq satisfy the Transversality Condition 
(HI). 

Proof. Once again the stable projection tt®® is the projection into the ^-coordinate, 
the center-unstable direction is tangent to the xp-plane and F““ is given for every 
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p e Ao by S““(p) = KuO^i^o V)(^)^0), where a(x,j/,z) = ^ sin(27rx) = 

27rcos(27ra;). 

From Proposition 5.3, it is sufficient to check the transversality for every pair 
of unstable curves whose stable distance is in the interval J = [j, ]• This 

is obtained considering a = ^ > 2 and ei = in the statement of 

Proposition 5.3. 

Given two unstable curves 7 ™ and 72 “ with fi^'*( 7 “", 72 “) € J, p = {x,y,z) G 
7 ”“, p' = {x',y',z') e 72 “, the condition c?^®( 7 "“, 72 “) € J implies that 7 "“ and 
72 “ are not contained in the same set Fo(i?i) or Fo(i? 2 ). 

Denoting F~^{p) = {xj,yj,Zj) and F~^ {p') = (a:',y',z'). When xi,x[ G [0, |]U 

[|,1] one can check that cos(27ra:i) — cos(27ra;i) > cos(^) and cos(27ra:2) — 
cos(27rx2)) < cos(|) + cos(| — ^). This implies that 

' ... T '^UU 

ttA 

> TT cos(27ra;i) — cos(27ra;j)-^ cos(27rx2) — cos(27ra;2)) 

_ \j2‘^^(a{xj) - a{xj) 

j>2 

which is bounded from below by AT = 27r cos(^) — |^cos(|) + cos(| — — 

> 0 

When xi,x'i G [|, |], a lower bound for the distance of 7 r^®(a;i) and 7 r®®(a;i) is ob¬ 
tained similarly using the relation y = '"^hich is verified using 

that F^(p) = (X^^x, A”y + K.z + E"=i Kr^gi^r^P)))^ 

denoting g{x, y, z) = g(x) and h{x, y, z) = h{x) , taking p = Fq{Fq^{p)) and send¬ 
ing n —)■ 00 . The condition xi,x'i G [|, |] implies that the distance of the points 
X2, x'2 to the set {g) |) |) |} is smaller than implying 

| 7 r®^(p) - 7r®®(p')l > \yi - y'i\ > 2 sin - Ac sin =: ^2 > 0 

By continuity, we have that 1 7 r®^(p) — 7 r®^(p')I > ^ whenever a; 1 , a;^ ^ —ei, |-|-ei]. 

So, for r2 = min{ ^, "^1, we get 02-transversality in neighborhoods of radius r2. □ 

6.2. The Family of Attractors Let us give an example of nonhyperbolic 

attractors satisfying the transversality condition. 

Let Fq be as in any of the two examples before, we have Fq{x, y, z) = (T”(a;), A”?/-|- 
gn{x), X'lgZ + hn{x)), where r : 5”^ —)■ 5”^ is the expansion in the circle by the factor 
Xuu, gn{x) = Ej=o and hn{x) = X^-^-'^h{T^ (x)). 

Let q be a periodic of Fg, S < jg^—, an affine function tpQ : B^'^{p,S) C M —> 
B{0,S) C that sends q —> 0 and {Fg“,Fg} —)• {61,62}, take a bump function 
V'l : B{0,S) C —)■ [0,1] of class C°°, with i/’i(a;) = 1 if ||a:|| < |, ipiix) =G (0,1) 
if I < ||a;|| < I and 'ipiix) = 0 if ||a;|| > this is done with IIV'iHci < 2^, 
||i/’i||c“ ^ 1 and ||i/’ollc'> ^ Fixing some A+ > 1, define x [—1,1]^ —>• M 
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by j/,z) =/xf/'i (V'o(a;,2/)) (A+-A”)y and define the family : M-> M 

by 

Vt y “b ffn(^) "b ^/i,n(^} y)i “b hn{x)^ 

This family corresponds to a deformation of changing the index of the 
periodic point p when passing through a pitchfork bifurcation. The deformation 
is done along the central direction, keeping the same central direction for every 
parameter p. The attractor is the set = nj>oC,n(-^)- We will see that for an 
appropriate choice of n, it is possible to keep close the unstable direction in order 
that the transversality condition still holds for every parameter p e [0,1]. 

Proposition 6.3. For every ei > 0, there exists an integer ng G N such that 
d{Ep^^{x), EpJ{x)) < €i for every x G every p G [0,1] and every n > ng. 


Proof. For parameters p and n, the unstable direction Eff^{q) = (1, a““(( 7 ), 0) sat¬ 
isfies DFp^niq) ■ (l,a"“((7),0) = A”„(1 ,q;“"(F^,„(( 7)),0) for every q G A^_„, which 
can be rewritten as: 

a““(C.n(9)) = + A-”(a” + 

The function a““ is obtained as the fixed point of the operator given by 
T^.„(a)(g) = A-^(F-i(g)) + A-„"^(F-i(g)) 


+A„ " (a” + 




This fixed point a““„ is well defined because the operator is a contraction 
in the Banach space of continuous functions /? : A —)■ M endowed with the norm of 
the supremum, in fact, the relation Ap_„ = A“” ^A” -f ^ ^ < ?7 < 1 guarantees 

that the operator is a contraction. 

It remains to check that ||q;^^ — Q:g“ || < ei, which is valid when the respective 
operators are close. Writing r^_„(a) = -I- A^_„q; o F~^, we have: 

rfK“n,«0.n) = 

< d(T^.„K“„),T;.„(ag““ )) + ci(T^.„(aJf“),Tg,„(«““)) 

< l|T)i,n|| • Og^’^) -I- \\Ap^n — ^0,n|| + IIAp.nOg^’^ — Ag^„ag_“ || 


Therefore 


J{^uu ^uu \ ^ 
^0,n) — 


d{Tp^n, 2b,„) 


^ 11^^,n ^0,n|| “b Ag | [og^.^ 11 

~ 1 — t] 

Since an{q) depends only in the x-coordinate of q, and since the x-coordinate of 
F~^{p) and of FQ^^{q) are the same, we have: 


iTp,n-To,nmiq) =(A,„)- 


-n 


(F-fiq)) 


(A.„)-”[fA: + ^ 


^ j PiF-^niq)) - (A”)/3(Po:^(g)) 



PHYSICAL MEASURES FOR CERTAIN PARTIALLY HYPERBOLIC ATTRACTORS ON 3-MANIFOLI29 


Each line above goes to zero when n —>■ oo, since A”(A„„) 


-n 0 and 




dx 


d^u 


dy 


are bounded. Then we take n large, Di and Ai small such that: 


\ uu _ uu 


0,nll — 


Di + Xi\\a^ 

1-7? 


< ei- 


□ 


The nonhyperbolicity of will follow from the fact that the attractor admits 
hyperbolic periodic points of different indexes and that it is robustly transitive. 

Proposition 6.4. There exists an integer ni such that the attractor of F^ n 
is robustly transitive for every ^ S [ 0 , 1 ] and every n> ni. 

Proof of Proposition 6.3. In our situation, the deformation is done inside a set D 
such that the dynamics outside D contracts vectors tangent to the central direction. 
Hence, we can make an argument similar to the one of Mane [Hi to prove the 
robust transversality. 

Since the unstable foliation for Fq is minimal in Aq, for every q exists a cor¬ 
responding L > 0 such that the unstable foliation is |)-dense in center-stable 
manifolds, that is, every center-stable ball of radius | intersects every unstable 
curve 7 ““ of length greater than A. 

Applying Proposition 6.2 for an ci sufficiently small, there exists ni such that the 
unstable foliation of is (A, ^ 7 )-dense in center-stable manifolds for every n > ni 
(the center-stable foliation is the same for F^^n and Aq)- Let Ui be a neighborhood 
of such that the same (A, £))-density holds for every / in this open set Ui. In 
what follows, we assume that 5 < 

Claim 6.1. For every open set U intersecting A there exist a point x G U H A and 
an integer N gN such that /“"(x) ^ D for every n> N. 

Proof of Claim 6.1. Take a negative iterate U oi U with central-stable diameter 
greater than I00i5, which exists since contracts area. Considering R = SA^s, 

we note that every center-stable leaf of radius greater than R contains a center- 
stable ball B of radius A such that f~^{B) does not intersect D. 

Let Ti be a subset of IJ such that /“^(Ti) n A) = 0. Since the center-stable 
diameter of /“^(Ti) is greater than R, we can consider r 2 C /“^(Ti) such that 
/~^(r 2 ) r\ D = inductively we consider a sequence T^ C /“^(r„_i) such that 
/“^(r„) n A) = 0. So, any x G n/"(r„) is a point that satisfies the conclusion of 

n 

the Claim. □ 

Given two open subsets U and V of A, we consider a point x G U Cl A given by 
Claim 6.1 and an unstable curve contained in V. Iterate the unstable curve until 
it has length greater than A and preiterate the center-stable leaf of x contained in 
U until it has internal radius greater than 2d. Due to the (A, <5)-density we know 
that these sets have non-empty intersection, so H C /"(P) ^ 0 for some n > 0 . □ 

6.3. Proof of Theorem C. 

Proposition 6.5. There exists an integer 122 G N such that the Transversality 
Condition holds for the dynamics for every p, G [0,1] and every n > 77 , 2 . 
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Proof. As seen in Proposition 6.1, the transversality holds for every Fix 

a € (0, ^), a fundamental stable domain J = [a, Aj/a] and consider 9{a) a lower 
bounf of the angle of projections of unstable curves with G J for Fq. 

Since the stable projection is the vertical one, for each unstable curve we con¬ 
sider (jj > 0 small such that the center-unstable cone of width w around the unstable 
direction is ^^-transversal to each other center-unstable cone of width uj around 
other unstable direction with stable distance between them contained in the in¬ 
terval J, by compactness this width ui can be taken uniform. Fixing this family 
of unstable cones of width w containing the original we have, by Proposition 
6.2, that there exists n 2 S N such that this family of cones contains the unsta¬ 
ble direction of for every ^ S [0,1] and every n > n 2 . This implies that 
Z(7r*'*(F;““ (a;i)),7r'*"(F;“" ( 0 : 2 ))) > ^ whenever d^^{xi,X 2 ) > a. By Proposition 
5.1, this is enough to guarantee the transversality. □ 

Proof of Theorem C. Take Fq as in any of the two examples above and construct 
Ff^^n as before with A^ > 1 such that < 1. We have that < 1 (central 

direction is neutral for F^^n), which guarantees Condition (H2). Taking ng S N 
such that the Proposition 6.3 is valid for every /i € [0,1], n > ng, it follows 

that the Transversality Condition holds for every The regularity follows 

by choosing Ass < 1 with < l (this condition implies the regularity of the 
stable foliation and also the continuity of this foliation in the C^-topology). The 
attractor is robustly dynamically coherent because the central direction for 
is of class C^, actually, = y-direction, if™ = xy-plane, if™ = yz-plane for 
every F^^n and Theorems 7.1 and 7.4 of [15] guarantees that these laminations are 
structurally stable. Taking N > 712 ss given in Proposition 6.3, the map Fi jq is 
robustly nonhyperbolic because it has periodic points of different indexes and it is 
robustly transitive. □ 
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